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a b s t r a c t 

A dual interpolation boundary face method (DiBFM) based on the Burton–Miller formulation for solving exterior 

acoustic problems is presented. The method is able to unify the conforming and nonconforming BFM. In DiBFM 

implementation, the nodes of a conforming element are divided into two categories: source nodes (inside the 

element) and virtual nodes (on the boundary of the element). Acoustic pressure and its derivative are approx- 

imated using conforming elements, in the same way as conforming BFM. However, the Burton–Miller integral 

equations are just collocated at source nodes, in the same way as nonconforming BFM. To arrive at a square linear 

system, additional constraint equations established by the moving least-squares approximation are provided to 

condense the degrees of freedom relating to virtual nodes. Several numerical examples demonstrate the accuracy 

and efficiency of the proposed method. 
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. Introduction 

Solving acoustic problems is one of the most important applications
f boundary face method (BFM) [1] , boundary element method (BEM)
2–6] and finite element method (FEM) [7] . It can be used for predict-
ng sound fields for noise control in submarines, airplanes, automobiles
nd many other consumer products. As is well known, BEM is a popular
umerical technique for finding solutions to the exterior acoustic wave
roblems, because Sommerfeld radiation condition at infinity is able to
e satisfied automatically. It is also popular due to its unique advantages
n discretizing the boundary of the structure only and using the noncon-
orming elements. This makes the mesh generation a simpler process.
ike BEM, BFM [8–11] is also based on a boundary integral equation
BIE), but by using Computer Aided Design (CAD) geometries directly
o geometric error will be introduced. 

The early research work of the BEM for acoustic problems has been
erformed by Banaugh and Goldsmith [12] , and Copley [13] , which can
e traced back to the 1960s. In the work, a solution method based on
he conventional boundary integral equation (CBIE) has been presented.
or the exterior acoustic problems, however, the method results in a
on-unique solution at the eigen-frequencies for the corresponding inte-
ior problem. This is a purely mathematical phenomenon. Two common
ethods of overcoming this phenomenon are the Combined Helmholtz

ntegral Equation Formulation (CHIEF) method and the Burton–Miller
ethod. 
∗ Corresponding author. 

E-mail address: zhangjm@hnu.edu.cn (J. Zhang). 

ttps://doi.org/10.1016/j.enganabound.2020.01.005 

eceived 20 January 2019; Received in revised form 24 October 2019; Accepted 9 Ja

vailable online 24 January 2020 

955-7997/© 2020 Elsevier Ltd. All rights reserved. 
The CHIEF method [14] , proposed by Schenck, constructs some ad-
itional Helmholtz integral equations at interior nodes of the structure,
hich are added in the original system of linear algebraic equations.
he main difficulty of this method, however, is how to properly choose
he number and location of interior nodes. To this end, Wu and Seybert
15] , and Juhl [16] have further developed the CHIEF method to ensure
 unique solution. Chen et al. [17] have presented a rigorous analytical
nd numerical investigation of this method. 

The Burton–Miller method [18] , proposed by Burton and Miller,
mploys a complex linear combination of the CBIE and hypersingular
oundary integral equation (HBIE). This method has been widely used
y many others in their research on the BEM for exterior acoustic prob-
ems [1 , 2 , 4] . The major difficulty of this method is the evaluation of
he hypersingular integral. To this end, various hypersingular integral
echniques have been developed [19 , 20] . For example, Liu [21] pro-
osed the weakly singular form of the HBIE; Guiggiani [22] presented
 general algorithm which regularizes hypersingular integrals based on
xpanding the singular kernel at singular points by using Taylor series;
ao [23] proposed an efficient approach for evaluating boundary inte-
rals with arbitrarily high-order singularities. 

In conventional BFM and BEM implementation, the nonconforming
nd conforming elements have their own advantages and disadvantages
24–26] . Nonconforming element (see Fig. 1 (a)) possesses some attrac-
ive advantages. For example, it is able to simplify the evaluation of the
ypersingular integrals in Burton–Miller integral equation and greatly
nuary 2020 
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Fig. 1. Boundary discretized by quadratic elements: (a) 

nonconforming elements, (b) conforming elements, and (c) 

dual interpolation elements. 

Fig. 2. Mapping between the Euclidean space and the parametric space of a 

curve. 

Fig. 3. Boundary element: (a) in parametric space of a curve, and (b) in space 

of intrinsic coordinates. 
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lleviating the task of mesh generation. For the same level of interpola-
ion accuracy, however, it needs much more source nodes than conform-
ng element. Conforming element (see Fig. 1 (b)) can ensure the C 

○ con-
inuity, but not ensure the C 

1, 𝛼 continuity for source nodes at interfaces
etween elements, which is necessary for the evaluation of the hyper-
ingular integrals [22] . It is inconvenient and inaccurate when used to
pproximate discontinuous fields, such as the normal derivative of the
coustic pressure at corners and edges of a scatterer. In addition, the
olution’s convergence rate is the same using either conforming or non-
onforming elements, only depending on the degree of the polynomial
sed to approximate physical variables [26] . 

To unify the conforming and nonconforming elements in BFM and
EM implementation, Zhang proposed the dual interpolation boundary
ace method (DiBFM) [27–30] . In the DiBFM, an element is composed of
 combination of source and virtual nodes, and that is called dual inter-
220 
olation element (see Fig. 1 (c)). The interpolation accuracy of the new
lements is increased by two orders, compared with the corresponding
onventional nonconforming elements. In addition, the method has an
bility to readily and accurately approximate both continuous and dis-
ontinuous fields. 

In this paper, we first combine the DiBFM with the Burton–Miller for-
ulation to solve two- dimensional (2D) exterior acoustic wave prob-

ems. In our implementation, acoustic pressure and its derivative are
pproximated using the dual interpolation elements (first-layer inter-
olation), in the same way as conforming BFM. But the Burton–Miller
ntegral equations are collocated only at source nodes, in the same way
s nonconforming BFM. That is to say, the number of unknown quanti-
ies is more than the number of linear equations after the discretization
f the Burton–Miller integral equation. In order to arrive at a square
inear system, additional constraint equations are needed to condense
he degrees of freedom relating to virtual nodes. These constraint equa-
ions are established using the moving least-squares (MLS) approxima-
ion (second-layer interpolation). 

This paper is organized as follows. In Section 2 , the parameter map-
ing scheme is described. In Section 3 , the dual interpolation method
s briefly presented. Section 4 describes a general formulation of the
iBFM for acoustic problem based on the Burton–Miller formulation. A
umber of numerical examples are given in Section 5 . The paper ends
ith conclusions and discussions in Section 6 . 

. Parameter mapping scheme 

In 2D DiBFM, both dual interpolation and boundary integration are
erformed in parametric space of curves, which are exactly same as the
-rep data structure in most CAD software. 

A parametric form of a curve can be expressed as: 
 

𝑥 1 = 𝑥 1 ( 𝜂) 
𝑥 2 = 𝑥 2 ( 𝜂) 

, 𝜂 ∈ [ 0 , 1 ] , (1)

here 𝜂 is the parametric coordinate defined on a curve (see Fig. 2 ), and
is calculated by the following transformation: 

= 0 . 5 
(
𝜂𝑏 + 𝜂𝑎 

)
+ 0 . 5 
(
𝜂𝑏 − 𝜂𝑎 

)
𝜉, 𝜉 ∈ [ −1 , 1 ] , (2)
Fig. 4. Dual interpolation elements in 2D 

problems: (a) S1, (b) S2, and (c) S3. 
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Fig. 5. Influence domains of virtual node: (a) for approximating continuous 

field, and (b) for approximating discontinuous field. 

Fig. 6. Scattering from an infinite rigid cylinder with radius a = 1. 
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Fig. 8. Acoustic pressure along the curve CD , for the rigid cylinder scattering 

problem, for ka = 5: (a) real part and (b) imaginary part. 
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c  
here 𝜉 is the intrinsic coordinate defined on a boundary element (see
ig. 3 ). In this scheme, the geometric data (e.g. coordinates, outward
ormal, tangent vector and Jacobian) are evaluated from curves directly
ather than from elements. Obviously, no geometric errors are intro-
uced even in a coarse mesh. 

. Dual interpolation method 

.1. Dual interpolation element 

In the DiBFM, the elements are called dual interpolation elements.
he nodes of the new elements are divided into two categories: source
Fig. 7. Comparison of accuracy of DiBFM and BFM for the rigid

221 
nd virtual nodes (see Fig. 4 ). Ignoring virtual nodes, they become con-
entional nonconforming elements (see Fig. 1 (a)). When both the source
nd virtual nodes are taken into account, they are equivalent to standard
onforming elements (see Fig. 1 (b)). In this way, the dual interpolation
 cylinder scattering problem: (a) ka = 5 and (b) ka = 15. 
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Fig. 9. Acoustic pressure along the curve CD , for the rigid cylinder scattering 

problem, for ka = 15: (a) real part and (b) imaginary part. 
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Fig. 10. Acoustic pressure along the curve AB , for the rigid cylinder scattering 

problem, for ka = 10: (a) real part and (b) imaginary part. 

i  

i

3

 

d  

t  

F

𝑢  

w  

l  

a  

t  

𝜅  

v

3

 

r  

i  

s  

e  
lements have an ability to unify the conforming and nonconforming
lements. 

As shown in the Figure, we identify the new elements with the no-
ation S1, S2, S3 indicating the number of source nodes. The notation
omes from the fact that in DiBFM the degrees of freedom associated
ith the virtual nodes are condensed and hence they do not appear in

he final linear system to be solved. Shape functions of the S1, S2 and
3 elements are Eqs. (3) , (4) and (5) , respectively. 

 

𝑠 
1 ( 𝜉) = (1 − 𝜉)(1 + 𝜉) and 

{ 

𝑁 

𝑣 
1 ( 𝜉) = 0 . 5 𝜉( 𝜉 − 1) 

𝑁 

𝑣 
2 ( 𝜉) = 0 . 5 𝜉( 𝜉 + 1) , (3)

 

𝑁 

𝑠 
1 ( 𝜉) = 

[ 𝜉−(1− 𝑑) ] ( 𝜉+1)( 𝜉−1) 
2 𝑑 (1− 𝑑 )(2− 𝑑 ) 

𝑁 

𝑠 
2 ( 𝜉) = − 

[ 𝜉+(1− 𝑑) ] ( 𝜉+1)( 𝜉−1) 
2 𝑑 (1− 𝑑 )(2− 𝑑 ) 

and 

{ 

𝑁 

𝑣 
1 ( 𝜉) = − 

[ 𝜉+(1− 𝑑) ] [ 𝜉−(1− 𝑑) ] ( 𝜉−1) 
2 𝑑 (2− 𝑑 ) 

𝑁 

𝑣 
2 ( 𝜉) = 

[ 𝜉+(1− 𝑑) ] [ 𝜉−(1− 𝑑) ] ( 𝜉+1) 
2 𝑑 (2− 𝑑 ) 

, (4)

 

 

 

 

 

𝑁 

𝑠 
1 ( 𝜉) = − 

[ 𝜉−(1− 𝑑) ] ( 𝜉+1)( 𝜉−1) 𝜉
2 𝑑 (2− 𝑑 ) (1− 𝑑 ) 2 

𝑁 

𝑠 
2 ( 𝜉) = 

[ 𝜉+(1− 𝑑) ] [ 𝜉−(1− 𝑑) ] ( 𝜉+1)( 𝜉−1) 
(1− 𝑑) 2 

𝑁 

𝑠 
3 ( 𝜉) = − 

[ 𝜉+(1− 𝑑) ] ( 𝜉+1)( 𝜉−1) 𝜉
2 𝑑 (2− 𝑑 ) (1− 𝑑 ) 2 

and 

{ 

𝑁 

𝑣 
1 ( 𝜉) = 

[ 𝜉+(1− 𝑑) ] [ 𝜉−(1− 𝑑) ] ( 𝜉−1) 𝜉
2 𝑑 (2− 𝑑 ) 

𝑁 

𝑣 
2 ( 𝜉) = 

[ 𝜉+(1− 𝑑) ] [ 𝜉−(1− 𝑑) ] ( 𝜉+1) 𝜉
2 𝑑 (2− 𝑑 ) 

, 

(5)

here d is the offset of source nodes, which is taken to be 0.25 in this
aper. 

It should be noted that the interpolation in the dual interpolation
lements is increased by two orders, in comparison with the order of in-
erpolation function of the corresponding nonconforming elements us-
222 
ng the source nodes alone. This leads to a considerable improvement
n accuracy. 

.2. First-layer interpolation 

The first-layer interpolation is similar to the interpolation in a stan-
ard conforming element. The difference is that the shape functions in
he present method relating to both source and virtual nodes are used.
or an arbitrary quantity u , the first-layer interpolation form is: 

 

(
𝑥 1 , 𝑥 2 

)
= 𝑢 ( 𝜂) = 𝑢 ( 𝜉) = 

𝑛𝛼∑
𝛼=1 

𝑁 

𝑠 
𝛼
( 𝜉) 𝑢 
(
𝑄 

𝑠 
𝛼

)
+ 

𝑛𝜅∑
𝜅=1 

𝑁 

𝑣 
𝜅
( 𝜉) 𝑢 
(
𝑄 

𝑣 
𝜅

)
, (6)

here n 𝛼 and n 𝜅 are the total number of source and virtual nodes be-
onging to the dual interpolation element, respectively. 𝑁 

𝑠 
𝛼
( 𝜉) and 𝑢 ( 𝑄 

𝑠 
𝛼
)

re the shape function and nodal value of the 𝛼th source node, respec-
ively. 𝑁 

𝑣 
𝜅
( 𝜉) and 𝑢 ( 𝑄 

𝑣 
𝜅
) are the shape function and nodal value of the

th virtual node, respectively. In DiBFM, 𝑢 ( 𝑄 

𝑣 
𝜅
) is not an independent

ariable, and it is determined by the second-layer interpolation. 

.3. Second-layer interpolation 

The second-layer interpolation has an ability to readily and accu-
ately approximate both continuous and discontinuous fields. In DiBFM
mplementation, it is just used to establish the relationships between
ource and virtual nodes, rather than evaluate the shape functions at
ach Gauss point in the numerical integration process. The degrees of
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Fig. 11. Acoustic pressure along the curve AB , for the rigid cylinder scattering 

problem, for ka = 20: (a) real part and (b) imaginary part. 

Fig. 13. Radiation from a square. 
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Fig. 12. Comparison of efficiency of DiBFM and BFM for the rig

223 
reedom relating to virtual nodes are condensed by these relationships.
his matter is addressed later in this paper. 

In this paper, the second-layer interpolation is constructed by the
LS approximation. For the virtual nodal value 𝑢 ( 𝑄 

𝑣 
𝜅
) , the second-layer

nterpolation form is: 

 

(
𝑄 

𝑣 
𝜅

)
= 

𝑚𝜅∑
𝑚 =1 

𝜓 

𝑣𝑠 
𝑚 

(
𝜂𝑣 
𝜅

)
𝑢 

(
𝑄 

𝑠 
𝑚 ( 𝜅) 

)
, (7)

here mk is the total number of source nodes 𝑄 

𝑠 
𝑚 ( 𝜅) located in the influ-

nce domain of virtual node 𝑄 

𝑣 
𝜅
, 𝑢 ( 𝑄 

𝑠 
𝑚 ( 𝜅) ) are the nodal value of source

ode 𝑄 

𝑠 
𝑚 ( 𝜅) , 𝜂

𝑣 
𝜅

is the parametric coordinate of virtual node 𝑄 

𝑣 
𝜅
, 𝜓 

𝑣𝑠 
𝑚 
( 𝜂𝑣 

𝜅
)

s the second-layer interpolation shape function corresponding to source
ode 𝑄 

𝑠 
𝑚 ( 𝜅) : 

 

𝑣𝑠 
𝑚 

(
𝜂𝑣 
𝜅

)
= 

𝑚𝜅∑
𝑛 =1 

𝜑 

𝑣𝑠 
𝑛 

(
𝜂𝑣 
𝜅

)[
( 𝝋 

𝑠𝑠 ) −1 
]
𝑛𝑚 

, (8)

n which 

 

𝑠𝑠 = 

[
𝜑 

𝑠𝑠 
𝑛 

(
𝜂𝑠 
𝑚 ( 𝜅) 

)]
, 

here 𝜂𝑠 
𝑚 ( 𝜅) is the parametric coordinate of source node 𝑄 

𝑠 
𝑚 ( 𝜅) , 𝜑 

𝑣𝑠 
𝑛 
( 𝜂𝑣 

𝜅
)

nd 𝜑 

𝑠𝑠 
𝑛 
( 𝜂𝑠 

𝑚 
) are the MLS shape functions corresponding to source node

 

𝑠 
𝑛 ( 𝜅) . The details of the MLS approximation have been discussed in Ref.

31] . 
It should be noted that the dual interpolation method has an abil-

ty to readily and accurately approximate continuous and discontinuous
elds, by manipulating the influence domains of some specific virtual
odes in the second-layer interpolation. To demonstrate the feature, an
xample is given in Fig. 5 . For approximating a continuous field, we put
id cylinder scattering problem: (a) ka = 5 and (b) ka = 15. 
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Fig. 14. Comparison of accuracy of DiBFM and BFM for the radiation problem: (a) 𝜙 on segment DF and (b) q on segment ED . 

Fig. 15. Acoustic pressure along the segment DF for the radi- 

ation problem: (a) real part and (b) imaginary part. 

224 
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Fig. 16. Normal derivative of acoustic pressure along the seg- 

ment ED for the radiation problem: (a) real part and (b) imag- 

inary part. 
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o  
nly one virtual node v 1 at the element end point (see Fig. 5 (a)), let-
ing the two elements share a same virtual node, thus readily leading to
ontinuity at the point. For modeling a discontinuous field, we put two
irtual nodes (see Fig. 5 (b)), one for each element. In this way, the three
ed source nodes in Fig. 5 (b) located in the influence domain of virtual
ode v 1 , while the three blue source nodes in Fig. 5 (b) located in the
nfluence domain of virtual node v 2 . Obviously, the nodal values at the
wo nodes are different so that it is easier to model the discontinuous
eld. 

. DiBFM for acoustic problem based on the Burton–Miller 

ormulation 

.1. Burton–Miller integral equation 

Consider an acoustic problem in a 2D infinite domain Ω with bound-
ry Γ. The Burton–Miller boundary integral equation for the problem
225 
s: 

( 𝑃 ) 𝜙( 𝑃 ) + ∫Γ
𝜕𝐺( 𝑃 , 𝑄, 𝑘 ) 

𝜕𝑛 ( 𝑄 ) 
𝜙( 𝑄 ) 𝑑Γ( 𝑄 ) + 𝛽 ∫Γ

𝜕 2 𝐺( 𝑃 , 𝑄, 𝑘 ) 
𝜕 𝑛 ( 𝑄 ) 𝜕 𝑛 ( 𝑃 ) 

𝜙( 𝑄 ) 𝑑Γ( 𝑄 ) 

 ∫Γ 𝐺( 𝑃 , 𝑄, 𝑘 ) 𝜕𝜙( 𝑄 ) 
𝜕𝑛 ( 𝑄 ) 

𝑑Γ( 𝑄 ) + 𝛽

[ 
∫Γ

𝜕𝐺( 𝑃 , 𝑄, 𝑘 ) 
𝜕𝑛 ( 𝑃 ) 

𝜕𝜙( 𝑄 ) 
𝜕𝑛 ( 𝑄 ) 

𝑑Γ( 𝑄 ) − 𝑐( 𝑃 ) 𝜕𝜙( 𝑃 ) 
𝜕𝑛 ( 𝑃 ) 

] 
,

 𝜙𝐼 ( 𝑃 ) + 𝛽
𝜕 𝜙𝐼 ( 𝑃 ) 
𝜕𝑛 ( 𝑃 ) 

, 𝑃 , 𝑄 ∈ Γ (9)

n which 

( 𝑃 , 𝑄, 𝑘 ) = 

𝑖 

4 
𝐻 

(1) 
0 ( 𝑘𝑟 ) , 

here 𝜙 is the acoustic pressure, 𝜙I ( P ) is the incident acoustic wave (for
cattering problems), k is the acoustic wavenumber, i is the imaginary
nit, 𝛽 is taken to be i / k, r is the distance between the field point Q and
ource node P, n ( Q ) and n ( P ) are the outward normal at field point Q
nd source node P , respectively. 𝐻 

(1) 
0 ( ⋅) is the first-kind Hankel function

f order zero. The coefficient c ( P ) = 1/2 if Γ is smooth at source node P .



J. Zhang, W. Lin and X. Shu et al. Engineering Analysis with Boundary Elements 113 (2020) 219–231 

Fig. 17. Comparison of efficiency of DiBFM and BFM for the radiation problem: (a) 𝜙 on segment DF and (b) q on segment ED . 

Fig. 18. Scattering from an airplane. 
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Fig. 19. Real part of acoustic pressure along the curve AB of the airplane scat- 

tering problem for k = 3: (a) DiBFM -S1 and (b) BFM-S1. 
.2. Discretization 

In DiBFM implementation, the Burton–Miller integral equation,
q. (9) , is discretized by dual interpolation elements. However, only the
ource nodes are taken as collocation points in Eq. (9) , and the source
odes are marked as P l ( l = 1, 2, …, NS ). The discretization form of
q. (9) is: 

𝑛𝑒 

𝑒 =1 

[ 
𝑛𝛼∑

𝛼=1 
ℎ 𝑠𝑠 ( 𝑃 𝑙 ) 𝜙

(
𝑄 

𝑠 
𝑒 ( 𝛼) 

)
+ 

𝑛𝜅∑
𝜅=1 

ℎ 𝑠𝑣 ( 𝑃 𝑙 ) 𝜙
(
𝑄 

𝑣 
𝑒 ( 𝜅) 

)] 

 

𝑛𝑒 ∑
𝑒 =1 

⎡ ⎢ ⎢ ⎢ ⎣ 
𝑛𝛼∑

𝛼=1 
𝑔 𝑠𝑠 ( 𝑃 𝑙 ) 

𝜕𝜙

(
𝑄 

𝑠 
𝑒 ( 𝛼) 

)
𝜕𝑛 ( 𝑄 ) 

+ 

𝑛𝜅∑
𝜅=1 

𝑔 𝑠𝑣 ( 𝑃 𝑙 ) 
𝜕𝜙

(
𝑄 

𝑣 
𝑒 ( 𝜅) 

)
𝜕𝑛 ( 𝑄 ) 

⎤ ⎥ ⎥ ⎥ ⎦ + 𝑏 𝐼 ( 𝑃 𝑙 ) , (10)

n which 

 

𝑠𝑠 ( 𝑃 𝑙 ) = ∫Γ𝑒 

𝜕𝐺( 𝑃 , 𝑄, 𝑘 ) 
𝜕𝑛 ( 𝑄 ) 

𝑁 

𝑠 
𝑒 ( 𝛼) ( 𝑄 ) 𝑑Γ( 𝑄 ) 

+ 𝛽 ∫Γ𝑒 

𝜕 2 𝐺( 𝑃 , 𝑄, 𝑘 ) 
𝜕 𝑛 ( 𝑄 ) 𝜕 𝑛 ( 𝑃 ) 

𝑁 

𝑠 
𝑒 ( 𝛼) ( 𝑄 ) 𝑑Γ( 𝑄 ) + 

1 
2 

𝛿𝑘 
𝑒 ( 𝛼) , 

 

𝑠𝑣 ( 𝑃 𝑙 ) = ∫Γ𝑒 

𝜕𝐺( 𝑃 , 𝑄, 𝑘 ) 
𝜕𝑛 ( 𝑄 ) 

𝑁 

𝑣 
𝑒 ( 𝜅) ( 𝑄 ) 𝑑Γ( 𝑄 ) 

+ 𝛽 ∫Γ
𝜕 2 𝐺( 𝑃 , 𝑄, 𝑘 ) 
𝜕 𝑛 ( 𝑄 ) 𝜕 𝑛 ( 𝑃 ) 

𝑁 

𝑣 
𝑒 ( 𝜅) ( 𝑄 ) 𝑑Γ( 𝑄 ) , 
𝑒 

226 
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Fig. 20. Imaginary part of acoustic pressure along the curve AB of the airplane 

scattering problem for k = 3: (a) DiBFM -S1 and (b) BFM-S1. 
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𝑠𝑠 ( 𝑃 𝑙 ) = ∫Γ𝑒 

𝐺( 𝑃 , 𝑄, 𝑘 ) 𝑁 

𝑠 
𝑒 ( 𝛼) ( 𝑄 ) 𝑑Γ( 𝑄 ) 

+ 𝛽

[ 
∫Γ𝑒 

𝜕𝐺( 𝑃 , 𝑄, 𝑘 ) 
𝜕𝑛 ( 𝑃 ) 

𝑁 

𝑠 
𝑒 ( 𝛼) ( 𝑄 ) 𝑑Γ( 𝑄 ) − 

1 
2 

𝛿𝑘 
𝑒 ( 𝛼) 

] 
, 

 

𝑠𝑣 ( 𝑃 𝑙 ) = ∫Γ𝑒 

𝐺( 𝑃 , 𝑄, 𝑘 ) 𝑁 

𝑣 
𝑒 ( 𝜅) ( 𝑄 ) 𝑑Γ( 𝑄 ) 

+ 𝛽 ∫Γ𝑒 

𝜕𝐺( 𝑃 , 𝑄, 𝑘 ) 
𝜕𝑛 ( 𝑃 ) 

𝑁 

𝑣 
𝑒 ( 𝜅) ( 𝑄 ) 𝑑Γ( 𝑄 ) , 

 

𝐼 ( 𝑃 𝑙 ) = 𝜙𝐼 ( 𝑃 𝑙 ) + 𝛽
𝜕 𝜙𝐼 ( 𝑃 𝑙 ) 
𝜕𝑛 ( 𝑃 ) 

, 

nd 

𝛿𝑘 
𝑒 ( 𝛼) = 

{ 

1 , if source node 𝑃 𝑘 is the 𝛼th source node in the 𝑒 th element 
0 , whe

 

𝑠 
𝑒 ( 𝛼) and 𝜙( 𝑄 

𝑠 
𝑒 ( 𝛼) ) are the shape function and acoustic pressure of 𝛼th 

ource node in e th dual interpolation element, respectively; 𝑁 

𝑣 
𝑒 ( 𝜅) and

( 𝑄 

𝑣 
𝑒 ( 𝜅) ) are the shape function and acoustic pressure of 𝜅th virtual node
227 
n e th dual interpolation element, respectively; Γe is the boundary of
omain of e th dual interpolation element. 

The matrix form of Eq. (10) is: 

 

𝐇 

𝑠𝑠 
𝑑𝑑 

𝐇 

𝑠𝑠 
𝑑𝑛 

𝐇 

𝑠𝑠 
𝑛𝑑 

𝐇 

𝑠𝑠 
𝑛𝑛 

] { 

𝚽̄𝑠 
𝑑 

𝚽𝑠 
𝑛 

} 

+ 

[ 
𝐇 

𝑠𝑣 
𝑑𝑑 

𝐇 

𝑠𝑣 
𝑑𝑛 

𝐇 

𝑠𝑣 
𝑛𝑑 

𝐇 

𝑠𝑣 
𝑛𝑛 

] { 

𝚽̄𝑣 
𝑑 

𝚽𝑣 
𝑛 

} 

 

[ 
𝐆 

𝑠𝑠 
𝑑𝑑 

𝐆 

𝑠𝑠 
𝑑𝑛 

𝐆 

𝑠𝑠 
𝑛𝑑 

𝐆 

𝑠𝑠 
𝑛𝑛 

] { 

𝐪 𝑠 
𝑑 

𝐪̄ 𝑠 
𝑛 

} 

+ 

[ 
𝐆 

𝑠𝑣 
𝑑𝑑 

𝐆 

𝑠𝑣 
𝑑𝑛 

𝐆 

𝑠𝑣 
𝑛𝑑 

𝐆 

𝑠𝑣 
𝑛𝑛 

] { 

𝐪 𝑣 
𝑑 

𝐪̄ 𝑣 
𝑛 

} 

+ 

{ 

𝐛 𝐼 
𝑑 

𝐛 𝐼 
𝑛 

} 

, (11) 

here the subscripts d and n stand for the boundary conditions of Dirich-
et and Neumann type, respectively. 

.3. Assembly and solution 

Due to the fact that the Burton–Miller integral equations are col-
ocated at source nodes only, the number of unknown quantities is
ore than the number of linear equations after the discretization of

he BIE (see Eq. (11) ). To make the final system of linear algebraic
quations solvable, the degrees of freedom relating to virtual nodes in
q. (11) need to be condensed using additional constraint equations.
hese equations are provided by the second-layer interpolation as be-

ow: 

𝑣 
𝑛 
= 

[
𝚿𝑣𝑠 

𝑛𝑑 
𝚿𝑣𝑠 

𝑛𝑛 

]{ 

𝚽̄𝑠 
𝑑 

𝚽𝑠 
𝑛 

} 

, (12) 

 

𝑣 
𝑑 
= 𝚯𝑣𝑠 

𝑑𝑑 
𝐪 𝑠 

𝑑 
, (13)

here 𝝍 

𝑣𝑠 
𝑛𝑑 

, 𝝍 

𝑣𝑠 
𝑛𝑛 

and 𝚯𝑣𝑠 
𝑑𝑑 

are shape function matrices constructed by the
econd-layer interpolation. The derivation of the matrices is described
n Section 3.3 . 

Substituting Eqs. (12) and (13) into Eq. (11) yields: 

 

𝐇̄ 

𝑠𝑠 
𝑑𝑑 

𝐇̄ 

𝑠𝑠 
𝑑𝑛 

𝐇̄ 

𝑠𝑠 
𝑛𝑑 

𝐇̄ 

𝑠𝑠 
𝑛𝑛 

] { 

𝚽̄𝑠 
𝑑 

𝚽𝑠 
𝑛 

} 

+ 

[ 
𝐇 

𝑠𝑣 
𝑑𝑑 

𝐇 

𝑠𝑣 
𝑛𝑑 

] 
𝚽̄𝑣 

𝑑 
= 

[ 
𝐆̄ 

𝑠𝑠 
𝑑𝑑 

𝐆 

𝑠𝑠 
𝑑𝑛 

𝐆̄ 

𝑠𝑠 
𝑛𝑑 

𝐆 

𝑠𝑠 
𝑛𝑛 

] { 

𝐪 𝑠 
𝑑 

𝐪̄ 𝑠 
𝑛 

} 

+ 

[ 
𝐆 

𝑠𝑣 
𝑑𝑛 

𝐆 

𝑠𝑣 
𝑛𝑛 

] 
𝐪̄ 𝑣 

𝑛 
+ 

{ 

𝐛 𝐼 
𝑑 

𝐛 𝐼 
𝑛 

} 

, (14) 

n which 
 

𝐇̄ 

𝑠𝑠 
𝑑𝑑 

𝐇̄ 

𝑠𝑠 
𝑑𝑛 

𝐇̄ 

𝑠𝑠 
𝑛𝑑 

𝐇̄ 

𝑠𝑠 
𝑛𝑛 

] 
= 

[ 
𝐇 

𝑠𝑠 
𝑑𝑑 

𝐇 

𝑠𝑠 
𝑑𝑛 

𝐇 

𝑠𝑠 
𝑛𝑑 

𝐇 

𝑠𝑠 
𝑛𝑛 

] 
+ 

[ 
𝐇 

𝑠𝑣 
𝑑𝑛 

𝐇 

𝑠𝑣 
𝑛𝑛 

] [
𝚿𝑣𝑠 

𝑛 1 𝑑 1 
𝚿𝑣𝑠 

𝑛 1 𝑛 1 

]
, 

 

𝐆̄ 

𝑠𝑠 
𝑑𝑑 

𝐆̄ 

𝑠𝑠 
𝑛𝑑 

] 
= 

[ 
𝐆 

𝑠𝑠 
𝑑𝑑 

𝐆 

𝑠𝑠 
𝑛𝑑 

] 
+ 

[ 
𝐆 

𝑠𝑣 
𝑑𝑑 

𝐆 

𝑠𝑣 
𝑛𝑑 

] 
𝚯𝑣𝑠 

𝑑𝑑 
, 

By moving unknown quantities to the left-hand side and known
uantities to the right-hand side in Eq. (14) , a standard system of linear
quations for acoustic problems is formed: 

𝐱 = 𝐛 , (15) 

n which 

 = 

[ 
− ̄𝐆 

𝑠𝑠 
𝑑𝑑 

𝐇̄ 

𝑠𝑠 
𝑑𝑛 

− ̄𝐆 

𝑠𝑠 
𝑛𝑑 

𝐇̄ 

𝑠𝑠 
𝑛𝑛 

] 
, 

 = 

{
𝐪 𝑠 

𝑑 
𝚽𝑠 

𝑛 

}T 
, 

 = 

[ 
− ̄𝐇 

𝑠𝑠 
𝑑𝑑 

𝐆 

𝑠𝑠 
𝑑𝑛 

− ̄𝐇 

𝑠𝑠 
𝑛𝑑 

𝐆 

𝑠𝑠 
𝑛𝑛 

] { 

𝚽̄𝑠 
𝑑 

𝐪̄ 𝑠 
𝑛 

} 

+ 

[ 
− 𝐇 

𝑠𝑣 
𝑑𝑑 

𝐆 

𝑠𝑣 
𝑑𝑛 

− 𝐇 

𝑠𝑣 
𝑛𝑑 

𝐆 

𝑠𝑣 
𝑛𝑛 

] { 

𝚽̄𝑣 
𝑑 

𝐪̄ 𝑣 
𝑛 

} 

+ 

{ 

𝐛 𝐼 
𝑑 

𝐛 𝐼 
𝑛 

} 

, 

here A is the coefficient matrix of dimensions NS × NS for 2D acoustic
roblems, and b is the known right-hand-side vector. x is the unknown
ector only containing source nodes. 

Since the unknown vector of the final system equations is including
he source nodes only (see Eq. (15) ), the size of the final linear system
n our method is the same as that in the conventional BFM and BEM
mplementation. For the same number of source nodes, however, our
ethod is able to possess much higher accuracy and improved conver-

ence rates. This will be demonstrated by several numerical examples
n Section 5 . 
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Fig. 21. Absolute value of total acoustic pressure of the airplane scattering problem for k = 3: (a) DiBFM-S1 with 1330 source nodes, (b) BFM-S1 with 1330 source 

nodes, and (c) BFM-S3 with 2652 source nodes. 

Fig. 22. Scattering from the multiple scatterers. 
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. Numerical examples 

In this section, four numerical examples are presented to demon-
trate the accuracy and efficiency of the proposed method for solving
D acoustic wave problems. 
228 
The relative errors are evaluated in a relative L 2 -norm sense: 

𝑟𝑟𝑜𝑟 = 

1 |𝜙|max 

√ √ √ √ 

1 
𝑀 

𝑀 ∑
𝑖 =1 

[
𝜙
( 𝑒 ) 
𝑖 

− 𝜙
( 𝑛 ) 
𝑖 

]2 
, (16)

here | 𝜙| max is the maximum absolute value of acoustic pressure 𝜑 i 

ver M sample points, 𝜙( 𝑛 ) 
𝑖 

and 𝜙( 𝑒 ) 
𝑖 

stand for the numerical and exact
olutions, respectively. 

In the following figures and tables, symbols ‘ 𝐸 𝑟𝑟 _ 𝜙’, and ‘ 𝐸 𝑟𝑟 _ 𝑞’ rep-
esent the errors of acoustic pressure 𝜙 and its normal derivative 𝑞 = 

𝜕𝜙

𝜕𝑛 
,

espectively. The symbols ‘DiBFM-S1’ and ‘DiBFM-S3’ denote the nu-
erical results of the DiBFM with S1 and S3 elements, respectively. The

ymbols ‘BFM-S1’ and ‘BFM-S3’ denote the numerical results of the BFM
ith conventional constant and quadratic elements, respectively. In ad-
ition, the symbol ‘ NS ’ is the number of source nodes, and the symbol
 Time ’ denotes the CPU time spent in constructing and solving the system
quations. 

.1. Scattering from a rigid cylinder 

In the first example, we consider a scattering problem on a rigid
ylinder with radius a = 1 centred at the origin. As shown in Fig. 6 ,
he cylinder is impinged by an plane wave 𝜙𝐼 ( 𝑃 ) = 𝑒 𝑖𝑘 𝐱 𝑃 ·𝐝 𝐼 propagating
long the horizontal direction d I = (1, 0). If point P inside domain,
he analytical solution of the acoustic pressure can be calculated by the
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Fig. 23. Acoustic pressure along the circle AB of the multiple scatterers problem 

for ka 1 = 3.5: (a) real part and (b) imaginary part. 
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Table 1 

Numerical results of the airplane scattering problem 

for k = 3. 

DiBFM-S1 BFM-S1 BFM-S3 

NS | 𝜙| max NS | 𝜙| max NS | 𝜙| max 

332 8.355 332 8.383 324 8.803 

1330 8.448 1330 8.461 1338 8.448 

2664 8.448 2664 8.442 2652 8.448 
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ollowing infinite series: 

( 𝑃 ) = 𝜙𝐼 ( 𝑃 ) − 

[
𝐽 
(1) 
0 ( 𝑘𝑎 ) 

]′
[
𝐻 

(1) 
0 ( 𝑘𝑎 ) 

]′ 𝐻 0 ( 𝑘𝑟 ) − 2 
∞∑

𝑛 =1 
𝑖 𝑛 

[
𝐽 
(1) 
𝑛 ( 𝑘𝑎 ) 

]′
[
𝐻 

(1) 
𝑛 ( 𝑘𝑎 ) 

]′ 𝐻 𝑛 ( 𝑘𝑟 ) cos ( 𝑛𝜃) , 

(17) 

here P = r (cos 𝜃, sin 𝜃) in polar coordinates, 𝐽 (1) 𝑛 ( ⋅) and 𝐻 

(1) 
𝑛 ( ⋅) are the

rst-kind of the Bessel function and Hankel function of order n , respec-
ively. [ 𝐽 (1) 𝑛 ( ⋅) ] ′ and [ 𝐻 

(1) 
𝑛 ( ⋅) ] ′ denote the derivative of 𝐽 (1) 𝑛 ( ⋅) and 𝐻 

(1) 
𝑛 ( ⋅) ,

espectively. If point P on the boundary of the cylinder, letting r = a and
ence Eq. (21) reduces to 

( 𝑃 ) = 

2 
𝜋𝑘𝑎 

⎧ ⎪ ⎨ ⎪ ⎩ 
𝑖 [

𝐻 

(1) 
0 ( 𝑘𝑎 ) 

]′ + 2 
∞∑

𝑛 =1 

𝑖 𝑛 +1 [
𝐻 

(1) 
𝑛 ( 𝑘𝑎 ) 

]′ cos ( 𝑛𝜃) 
⎫ ⎪ ⎬ ⎪ ⎭ . (18)

To demonstrate the accuracy and efficiency of the proposed method,
 comparison between DiBFM and BFM is sought. Fig. 7 shows the ac-
uracy of the two methods for solving the rigid cylinder scattering prob-
em. For ka = 5 and ka = 15, external acoustic pressures 𝜙 along a
emicircle CD are plotted in Figs. 8 and 9 , respectively. For ka = 10
nd ka = 20, acoustic pressures 𝜙 along the boundary AB are displayed
n Figs. 10 and 11 , respectively. Numerical results in Figs. 8–11 are ob-
229 
ained using 30, 60, 90 and 240 source nodes, respectively. Fig. 12 shows
he CPU time spent in constructing and solving the system equations for
he problem. 

From Figs. 7–12 , DiBFM is able to obtain higher accuracy, conver-
ence rates and computational efficiency than BFM. In particular, the
1 element in DiBFM (DiBFM-S1) can achieve the accuracy obtained
y conventional quadratic boundary elements in BFM (BFM-S3). The
eason for this is that the interpolation order of the dual interpolation
lements is increased by two orders, in comparison with the interpola-
ion order of the corresponding nonconforming elements. Besides, it is
lso concluded that the BFM is more sensitive to the mesh density than
he DiBFM. For ka = 5, the relative errors obtained by DiBFM-S3 is only
.27% with 30 source nodes, while the relative errors shoot up to 3.86%
btained by the BFM-S3 with the same number of source nodes. 

.2. Radiation from a square 

To demonstrate the accuracy of the proposed method near the cor-
ers, a radiation problem from a square is considered. The geometry and
oundary conditions are shown in Fig. 13 , and the analytical solution of

he radiation problem is 𝜙( 𝑥 1 , 𝑥 2 ) = 

𝑖 

4 𝐻 

(1) 
0 ( 𝑘𝑟 ) , where 𝑟 = 

√ 

𝑥 2 1 + 𝑥 2 2 . To

llow for comparison, this problem is also analyzed using BFM with an
quivalent element refinement strategy. 

In this example, the sample points closed to a corner D are evenly
istributed over the line segments DF and ED . Fig. 14 compares the
ccuracy of the two methods near the corner D , for k = 10. Figs. 15
nd 16 display the acoustic pressures 𝜙 and its derivatives 𝑞 = 

𝜕𝜙

𝜕𝑛 
along

he segments DF and ED , respectively. From Figs. 14–16 , it can be seen
hat the results in DiBFM are more accurate than those in BFM, espe-
ially for the points closed to corners. This study further demonstrates
hat the S1 element in DiBFM (DiBFM-S1) can achieve the accuracy ob-
ained by conventional quadratic element (BFM-S3). In addition, the
omputational efficiency of the proposed method is higher than that of
he conventional BFM (see Fig. 17 ). 

.3. Scattering from an airplane 

To illustrate the ability of the proposed method to handle arbitrary
eometries, a scattering problem from an airplane is analyzed. The prin-
ipal dimension of the airplane is 31.9 m in length and 23.2 m in
idth. As shown in Fig. 18 , the airplane is impinged by an plane wave
𝐼 ( 𝑃 ) = 2 𝑒 𝑖𝑘 𝐱 𝑃 ⋅𝐝 𝐼 propagating along the direction 𝐝 𝐼 = −( 

√
2 ∕2 , 
√
2 ∕2 ) ,

nd the surface of the airplane is rigid. To allow for comparison, the
roblem is also solved using the BFM with conventional constant and
uadratic boundary element. 

Table 1 lists the maximum absolute values of the total acoustic pres-
ure | 𝜙| max for the two methods with different source nodes. Figs. 19
nd 20 illustrate the real and imaginary parts of the acoustic pressure
long the curve AB , respectively. Fig. 21 shows the contour plots of
he absolute values of the total acoustic pressure | 𝜙|. From Table 1 and
igs. 19–21 , it can be seen that the DiBFM using S1 elements (DiBFM-
1) provides a considerably higher fidelity solution than the BFM using
onventional constant element (BFM-S1). Moreover, the numerical re-
ult of our method using S1 elements (DiBFM-S1) is almost consistent
ith that of the BFM using conventional quadratic element (BFM-S3). 
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Fig. 24. Absolute value of total acoustic pressure of the multiple scatterers problem for ka 1 = 3.5: (a) DiBFM-S3 with 183 source nodes, (b) DiBFM-S3 with 1776 

source nodes, and (c) BFM-S3 with 183 source nodes, and (d) BFM-S3 with 1776 source nodes. 
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Table 2 

Numerical results of the multiple 

scatterers problem for ka 1 = 3.5. 

DiBFM-S3 BFM-S3 

NS | 𝜙| max NS | 𝜙| max 

183 3.978 183 4.317 

348 3.956 348 3.934 

714 3.962 714 3.952 

1428 3.962 1428 3.958 

1776 3.962 1776 3.959 

 

p  

f  

i  

o

This study further demonstrates the ability of the S1 element in
iBFM to achieve the accuracy comparable to that obtained by the con-
entional quadratic element. 

.4. Scattering from multiple scatterers 

The fourth example is presented to show the ability of DiBFM for
nalyzing the multiple scatterers problem with internal reflections. As
hown in Fig. 22 , the multiple scatterers is impinged by an plane wave
𝐼 ( 𝑃 ) = 𝑒 𝑖𝑘 𝐱 𝑃 ⋅𝐝 𝐼 propagating along the direction d I = (1, 0), and the sur-

ace of the multiple scatterers is rigid. In this example, the results using
FM with conventional quadratic elements are used for comparison. 

The simulation results of the multiple scatterers problem are sum-
arized in Table 2 . The real and imaginary parts of the acoustic pres-

ure along the circle AB are plotted in Fig. 23 , respectively. The contour
lots of the absolute values of the total acoustic pressure | 𝜙| are shown
n Fig. 24 . It can be seen that the proposed method has higher accuracy
nd convergence rates than conventional BFM, confirming the conclu-
ions drawn from the first three examples. 
230 
This example illustrates an attractive feature: our method has the
otential to seamlessly interact with CAD software. The feature derives
rom the fact that the geometric information of the computational model
n the proposed method is highly consistent with the B-rep data structure
f the geometric model in CAD software. 
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. Conclusions and discussions 

The DiBFM based on the Burton–Miller formulation has been pro-
osed for solving 2D exterior acoustic wave problems. In our imple-
entation, acoustic pressure and its derivative are approximated using

he conforming elements, in the same way as conforming BFM. But the
urton–Miller integral equations are collocated at source nodes only, in
he same way as nonconforming BFM. Thus, our method is able to unify
he conforming and nonconforming elements in BFM implementation. 

All presented numerical examples, with acoustic radiation or scat-
ering problems, have demonstrated that the DiBFM can obtain higher
ccuracy, convergence rates and computational efficiency, in compari-
on with the conventional BFM. In particular, the S1 element in DiBFM is
ble to achieve the accuracy obtained by conventional quadratic bound-
ry elements in BFM. 

Extensions of our method to solve three-dimensional (3D) problems
ill substantially alleviate the task of the mesh generation. This is an
ttractive advantage of the proposed method. The reasons for this are as
ollows: (i) no geometric errors are introduced even in a coarse mesh;
ii) discontinuous grids are much easier to generate than continuous
rids; and (iii) both continuous and discontinuous fields can be readily
nd accurately approximated using the proposed method, even if using
iscontinuous grids. This is an ongoing work. 
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